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ABSTRACT: A liquid-state theory is presented for the conformational properties and intermolecular
structure of concentrated solutions and bulk melts of purely repulsive star-branched polymers. The theory
generalizes earlier work on linear chains and is based on a solvation potential, expansion of the single-
chain free energy to second order in monomer interactions, and interaction-site integral equation theory.
Information about the chemical structure of polymers, in particular intra- and intermolecular interaction
potentials with a finite excluded volume per monomer, may be included straightforwardly. The theory
does not assume incompressibility in the melt and suffers no loss of accuracy in the short-chain, small-
arm-number limit. Also presented here is a study of conformational properties, including radius of
gyration, mean arm end-to-end distance, monomer density profile, and local persistence length, for
concentrated solutions and melts of a hard-sphere, branched-pearl-necklace model of star polymers with
a moderate (4—12) number of arms. Stretching of the star arms near the branch point is found, and a
concomitant swelling of the star with respect to the fully ideal state is predicted, even at meltlike densities
and even in the few-arm limit. Measures of the swelling are compared with experimental measurements,
the Daoud—Cotton “blob” model, and the “exclusion zone” model of Boothroyd and Ball. The physical
origin of the stretching is also discussed in detail.

I. Introduction

Motivation for the study of star-branched polymers
is partly abstract: polymers of nearly any architecture
are composed of linear chain segments joining branch
points, and an eventual understanding of the general
relationship between polymer architecture and material
properties would presumably owe much to the under-
standing of the simplest molecule that possesses both
components. Motivation for the study is also partly
practical: branched polymers have thermodynamic and
particularly viscoelastic properties that are very differ-
ent from those of their linear counterparts,? and in
general a variation of polymer architecture leads to a
strong variation of material properties. To the extent
this variation is made predictable, it plays a role in the
invention of new materials that is complementary to the
(challenging) search for polymeric materials of new
chemical identity. Extraction of general insights into
the behavior of linear chains “tethered” at one end to a
sharply-curved surface is also useful in a broader
context including sterically-stabilized colloids,? diblock
copolymer micelles,* end-associating functionalized poly-
mers,? and “hairy molecular objects.”®

Star polymers have been studied experimentally by
rheology,?78 light scattering,® 1% and small-angle neu-
tron scattering (SANS).101114-17 Parallel theoretical
study has used a local “blob” model,8!? scaling argu-
ments,1820 renormalization-group theory,21:22 self-con-
sistent field theory,23-25 computer simulation,?6-3% and
several different semiempirical approaches.3!1-35

In all of these studies, with the exception of computer
simulation, it is difficult or impossible to calculate
directly and quantitatively the effects of the finite
volume occupied by each monomer and the associated
local packing constraints and liquid structure that occur
at high polymer concentrations. While this limitation
does not apply to computer simulations, simulations are
confined at present to a single large star2627.29 or
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solutions of very small (oligomeric) stars?® by the
enormous expense of simulating solutions of large
stars.30

What we present here is a theoretical approach to star
polymer solutions that is complementary to other theo-
retical methods, because the effects of realistic monomer—
monomer interaction potentials, expressing the full
intra- and intermolecular excluded-volume interaction,
may be studied in detail without the computational
investment of a full-scale, many-molecule computer
simulation. The effects of local and nonuniversal,
system-specific chemical detail, such as monomer size
and shape or local restrictions on chain flexion (chain
stiffness), can also be straightforwardly studied.

Our method is a generalization of earlier work on
linear chains®-38 and makes use of interaction-site
liquid-state integral equations developed by Chandler
and Anderson®®—4! for the study of high-density fluids
of small molecules and later extended by Curro and
Schweizer*?43 to polymeric fluids. In addition to pre-
senting the theory itself, we also present in this paper
a study, using a simplified athermal model, of some of
the effects on star polymer conformation caused by
changing molecular weight N, number of branches £, and
polymer concentration p in concentrated solutions and
in the melt. Conformational properties of common
interest, such as the radius of gyration R,, the mean
distance R between the center and end of each arm, the
intramolecular monomer density profile pintra(r), the
local persistence length &, and the average intramolecu-
lar structure factor w(k) are calculated. We also calcu-
late the usual ratios g, garm, etc. expressing the differ-
ence between the size of star and linear polymers of the
same weight and compare to values suggested by the
Daoud—Cotton local-blob model,!® the Boothroyd—Ball
exclusion-zone model,3 and experimental measure-
ments in the melt state.l4

We find in general that the model star molecules
exhibit significant stretching of their arms near the
branch point and that this stretching grows strongly
with f and slowly with arm length N,. This stretching
of linear chains near a point of attachment is already
familiar for many-arm stars in their incarnation as
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Figure 1. The star-branched pearl-necklace model. This is
an “f x N,” star, meaning it has f arms (f = 6 here) and N,
sites per arm. The total molecular weight N = f x N, + f.
Some number N of sites on each arm are “core” sites, N, being
determined variationally as described in the text. Note the
definition of the angle # between the bonds connecting next-
nearest-neighbor (n.n.n.) sites.

polymer “brushes” on sharply-curved convex sur-
faces,?3:2530 and it has in fact been proposed by previous
workers to persist even to the few-arm limit, and even
under © or melt conditions.!»143235 Qur calculations
support this somewhat surprising thesis.

Since the arm stretching is predicted and not assumed
in our calculations, we can analyze its microscopic cause.
This cause is the failure of certain excluded-volume
interactions to be fully screened in the star at meltlike
densities. Interestingly, the unscreened excluded-
volume interactions involved are mostly between the
outer portions of the star and the inner, and between
outer portions on different branches. Thus we find it
is more conceptually correct to imagine the star arms
being “pulled” outward by the interactions the outer
portions of the arms experience than to imagine the star
arms being “pushed” out by the interactions the inner
portions of the arms experience. There are two reasons
why these excluded-volume interactions are not fully
screened. The first is that shielding of the inner
portions of the star by the outer leads to a reduction in
the influence of the solvent upon the former. The second
reason is that excluded-volume interactions between
monomers are inherently less well screened when the
monomers are weakly correlated with each other, and
as noted the major influence on the interior of the star
is interactions between monomers separated by long
stretches of polymer backbone.

In what follows we first introduce in section II a model
star polymer fluid. This allows concreteness in the
description following, in section III, of a liquid-state,
integral-equation based theory for the study of star
polymer fluids. Although we discuss this theory in the
context of the model described in section II, the theory
is actually applicable without significant changes to
much more complicated models for branched polymer
solutions. The study of the specific model studied in
this work is presented in section IV, and we conclude
in section V. In a succeeding paper** we will present
the calculated intermolecular properties of the model
star fluid, including the density-fluctuation correlation
functions that are measured by labeled light and
neutron scattering experiments.

II. Model Star Polymer Fluid

We define a basic model of a star molecule that is a
generalization of the “pearl-necklace” model of linear
polymers studied earlier.?” Attached to a branch point
are f linear “pearl-necklace” chains of N, backbone sites
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each (see Figure 1). We refer to this as an “f x N,” star.
The spherical sites have diameter ¢ and are joined by
rigid bonds of length 6. The branch point consists of a
rigid central structure built of f sites located at the
vertices of a regular polyhedron of edge length . Thus
for the values f = 4, 6, 8, and 12 studied in section IV
the central structure consists of sites at the vertices of
a regular tetrahedron, octahedron, cube, and dodeca-
hedron, respectively. The central structure for f= 6 is
shown in Figure 1. The use of the f~vertex polyhedron
as a central structure instead of the more common single
site has no particular significance, but js made just for
computational convenience. Note that the total number
of sites N on the star is fN, + f and not fIN,.

The freedom of the molecule to bend and twist at each
site may be restricted locally by a bending or torsional
potential. For example, we can impose this simple local
bending potential,

Viend(#) = l€o| + €, cos 0 (1)

where 6 is the angle formed by neighboring bonds (see
Figure 1), and ¢ is a parameter controlling the strength
and general effect of the potential. Values of ¢ > 0
favor large angles between neighboring bonds, and
hence open chain conformations, while values of ¢g < 0
favor small angles between neighboring bonds and more
compact chain conformations.*® Including Viend in the
intramolecular interactions of the model star molecule
is a first step toward a more realistic (nonuniversal)
model of a star polymer. Appropriate values of €
capture local chain stiffness resulting from the chemical
bonding structure of the actual polymer of interest. Note
that the competing effects of local chain stiffness and
compression by the solvent would in general be expected
to lead to complex conformational behavior. We will
formulate our theory throughout for the general case
of €p = 0, but in the study presented in section IV we
will discuss results only for the simplest case of € = 0.

Each of the sites on the star molecule interacts with
all other sites on the same or on different molecules via
a pairwise-additive, spherically symmetric site—site
potential u(r). In section IV we take u(r) to be the purely
repulsive hard-sphere potential,

o, <0

us) = {5 720 ()

where o is the diameter of a site. The theory needs no
significant modification for other purely-repulsive po-
tentials (e.g., shifted-truncated Lennard-Jones).

The reason for neglecting the weak attractive forces
between monomers at this stage is twofold: First, we
are concerned here and in the next paper primarily with
the structural properties of dense star fluids, in par-
ticular the average size and shape of the star molecules,
the correlations between sites on different stars, and
the density-fluctuation correlation functions measured
by scattering experiments. The structure of fluids, in
contrast to their thermodynamic and phase properties,
appears at high density and temperature to be deter-
mined almost entirely by the strong short-range repul-
sive interactions in the fluid,*®47 which wups(r) ad-
equately represents at this stage.

Our second reason for neglecting the attractions is
that liquid-state theories can often relate, by relatively
simple formulas, thermodynamic and phase properties
of realistic model fluids, characterized by both attrac-
tions and repulsions, to the structural properties of



Macromolecules, Vol. 28, No. 22, 1995

“reference” fluids characterized by repulsions only.
Thus the ability to calculate the structural properties
of a “reference” hard-sphere star fluid is actually a
necessary starting point for treating accurately fully
realistic models of polymer fluids.484°

Our model fluid consists of only the model star
molecules at a number density p. That is, we do not
consider explicitly a small-molecule solvent. If we wish
to interpret a high-p fluid as a “melt” of the model stars,
and lower-p fluids as “concentrated solutions” of the
model stars—as we do—then we must assume the
average influence of the small-molecule solvent has been
included in the site—site potential; that is, u(r) must
represent an “effective” solvent-mediated interaction
between the sites of the model star. Since in the present
study we use u(r) = uys(r), the small-molecule solvent
implicit in our lower-p fluids must be a good solvent.
Incidentally, there is no barrier other than the extra
computational work involved to the explicit inclusion
of a small-molecule solvent in the star polymer solution.

The density of the solution we express not in terms
of the (small) molecular number density p but rather
in terms of the monomer packing fraction #, which gives
the fraction of space filled by the sites. For a solid of
hexagonally-close-packed identical spheres # = 0.74,
while the crystallization of a simple fluid of hard spheres
occurs around 7 = 0.49.59 As in ref 37, we will regard
n = 0.55 as approximating roughly the density of a bulk
melt of these hard-sphere stars, so that = 0.20, the
lowest density we investigate, corresponds in a rough
sense to a 36% volume fraction polymer solution. For
the tangent-site (b = 0) molecules we investigate in
section IV, the packing fraction is simply related to the
molecular number density,

n= %Npa?’ (3)

III. Theoretical Method

Our method is based on interaction-site integral-
equation theory,?-43 which describes the structure of
the star polymer fluid at the level of the two-body site-
pair correlation functions. These correlation functions
are of two types: those we label wqs(r) give the prob-
ability density that two sites a and § on the same
molecule are a distance r apart. Those we label gos(r)
give the probability density that two sites o and § on
different molecules are a distance r apart, divided by
the equivalent probability density for the ideal gas,
which is just the total monomer density Np.

With these correlation functions we can answer
structural questions such as the following: what is the
probability that the centers of two star molecules A and
B are separated by a distance Rag? What is the
probability that the end of a star arm is located a
distance R from the star center? Of the sites that are
the nearest neighbors to a particular site o, how many
belong to the same molecule as «, and how many belong
to other molecules? What are the partial and total
scattering intensities as a function of scattering wave-
vector?

We cannot answer structural questions, on the other
hand, that require three-site or higher correlation
functions, such as: what are the angular correlations
between star molecules—do the arms interleave like
gear teeth at high density? What is the probability that
two monomers « and § are both located to one side of
the star center?
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Our method was presented for linear chains in refs
36 and 37, and we refer the reader there for the
complete derivation of the theory. We will only present
in the next two sections the modifications to the theory
required by the branched nature of the star polymer.

A. Intermolecular Theory. The intermolecular
site-pair correlation functions hqp(r) = gus(r) — 1 are
calculated from the intramolecular site-pair correlation
functions weg(r) and the site—site potential u(r) by the
Polymer Reference Interaction-Site Model (PRISM)
theory.#243 The only important change we need to make
for the star fluids from the PRISM theory used for
linear-chain fluids in ref 37 is to relax the “equivalent-
sites” or “preaveraging” assumption. This assumption
reduces the G(IN?) RISM equations to a more tractable
number by aiming at the calculation not of each and
every hqg, but of rather only the averages of the hqs over
the sites in each of several given regions of the molecule.
That is, if we define P distinct regions of the molecule,
to which belong n; < N (i = 1...P) sites each, then we
calculate only the P?2 < N? site-averaged correlation
functions Ay,

n@)  n()
hir) = lnnd™ 3 D gl ey
a=1() f=1¢)

where 1(i) is the label of the first, and n(i) the label of
the last site in region {. The &y can be calculated from
P2 similarly-defined site-averaged w;; by means of only
(P?) PRISM equations if the “equivalent-sites” ap-
proximation is made. This approximation sets all of the
ni x n; “direct” correlation functions cs for sites o, in
the averaging regions i,j equal to the same function cj;,
ie.
cugM) A cyr);  a=10)..n0@0), B=1(..n({ ()
The equivalent-sites approximation is made in the
expectation that the cqg(r), being very short-ranged in
r, will be insensitive to variations on a large length scale
of the chemical bonding structure of the molecule—such
as the fact that it has ends. It is only these variations
that distinguish one site in a homopolymer from an-
other.42
In our earlier linear-chain work3” we were concerned
about only the totally averaged behavior of the
molecule—e.g., its radius of gyration, the totally aver-
aged intermolecular pair correlation function g = N2
2o,880p or the total collective scattering function S(k).
Thus we set P = 1, replacing all cq3 with one function c,
and reducing the RISM equations to but one PRISM
equation. In this work, however, it is precisely the “end
effects”—or rather “branch-point effects”—in which we
are interested, and we cannot set P = 1 without
sacrificing entirely our ability to calculate these effects.
On the other hand, we still expect eq 5 to be generally
accurate, since the fact that a molecule has a branch
point is also a variation in chemical bonding structure
on a large length scale. That is, retaining the distinc-
tion between all N2 of the cqp is presumably still not
necessary, so long as we do not ask questions about each
individual hqs but rather only about the averaged ;.
What we have done therefore is make a simple
extension of the completely-equivalent-sites theory: we
have taken P = 3, that is we have assumed that there
are three types of site instead of just one. Type O sites
are the f sites on the central structure of the star. Type
1 sites are the f x N; sites in some inner “core” region
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of each arm, and type 2 sites are the remaining f x (N,
— N1) sites on each arm, which are in an outer “corona”
region. The coarse division of monomer identity into
“core” and “corona” types has been employed in many
other theoretical descriptions of the star polymer,18.25:35
We have separated additionally the central (type 0) sites
from the core (type 1) sites, only because the intermo-
lecular correlation function hgp is of special interest,
since it gives directly the correlation between the centers
of gravity of the star molecules. hgy will be discussed
in a succeeding paper.**

The three-site-type approximation implies nine dis-
tinct correlation functions c;, of which only six are
unique because of the general symmetry cos = cga.
These enter nine coupled PRISM equations, of which
again only six are unique by symmetry:

H(k) = [1 — pQ(k)-C(R)] "[Q(k)-Ck)-QE)] (6)

ng

Hyk)=[nnl ™3 Y hoyk)
a B

i Ry

Q. k)= [nn] ™t Z z Was(R)
o f

Cyk) = [n;n] Ve (k)

where hgs(r) = gop(r) — 1, and we have written the
equations in k-space, not distinguishing notationally
between functions and their Fourier transforms (cf. eq
16 of ref 37).

Equation 6 must be supplemented by a closure
approximation. We use the site—site Percus—Yevick
closure approximation,39:42

Cos(r) = [1 — exp{fu(r)}[hqs(r) + 1] (7)

eqs 6 and 7 are solved numerically as in ref 37 by Picard
iteration and fast Fourier transform. Each function ¢y,
wyj, and h;; is represented in r-space at 214 points spaced
0.0125¢ apart between r = 0 and r = 204.80, and thus
in k-space at 24 points, spaced 0.015¢"! apart between
£ =0and k=251.30"1. Convergence is defined to be a
change in the integrated difference of rH;(r) from one
iteration to the next of less than one part in 10712
Mixing of the H;; from one iteration to the next is as
usual necessary to ensure stability of the Picard process.
By judicious choice of the mixing fractions, in particular
by scaling the mixing fraction for each type with the
relative number of sites of that type, solving eq 6 can
be done in about the same number of Picard iterations
as solving the single PRISM equation obtained for P =
1. For example, solving the 6 PRISM equations for a
3-region 8 x 100 star at # = 0.55 requires 2540
iterations, while solving the single PRISM equation for
a single-region linear 808-mer at = 0.55 requires 2007
iterations. Both calculations would be substantially
faster, of course, at a lower density.

The density used in all our PRISM calculations is
corrected in the usual way, described in ref 59, for the
small (typically 3—4%) intramolecular overlap associ-
ated with the use of wqg(r) that are not uniformly zero
forr <o

B. Intramolecular Theory. The intramolecular
pair correlation functions wqg, which describe the con-
formation of a single molecule, are profoundly influenced
at high polymer concentrations by the intermolecular
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interactions. Determining wqg at high density is there-
fore a priori a strongly many-molecule problem. We
may formally replace this many-molecule problem,
however, with an exactly equivalent single-molecule
problem by use of a fictitious “solvation” potential W.36:51
W is constructed such that the conformational properties
of an isolated molecule experiencing the extra potential
W are equivalent—in principle exactly—to the confor-
mational properties of the same molecule interacting
with all the other molecules in a high-density solution.

How to construct the exact solvation potential is
unfortunately not yet known. Some methods for cal-
culating a pairwise-additive approximation to W from
the intermolecular pair correlations i were presented
in ref 36. Further discussion, including some of the
limitations of solvation potentials based on RISM
theory, was presented in ref 38. Earlier PRISM-based
work involving different approaches can be found in refs
52 and 53. The same ideas have also found use in
calculations of intermolecular correlations in molecular
fluids® and the density inhomogeneity induced in a
polymer fluid by an impenetrable surface.55:5¢

We use here the Percus—Yevick-style pairwise-addi-
tive approximate solvation potential derived in ref 36,
which has been argued®”% to be the most accurate
presently known for interaction-site fluids with a short-
range site—site interaction u(r). The only difference
between the appearance of W in this work and in ref 37
is the presence here of nine different pair-components
W, of which six are unique,®” corresponding to the nine
(six unique) direct correlation functions,58

1 N

N-
Wir,..ryl = Y Willr, —rg) (8)

o=1 f=a~1

AW, r) = —In[1 +

2
p > [ &r & cylr — DS, (r, = r.ey(r,)]
k,1=0

where {r;...ry} locate the N sites of the star molecule,
B is inverse temperature, and i and j are the site-types
(0, 1, or 2) of the sites o and S (cf. eq 9 of ref 37). The
S;; are the partial structure factors or partial density
autocorrelation functions of the fluid (c¢f. eq 11 of ref 37).

The wep of the star in high-density solution are
determined by finding the equivalent quantities for the
star experiencing W in addition to the “bare” intramo-
lecular potential V3,

Wegr) = z,™! fdrl...drN or — |r, — rﬂi)sf\?(rl...r]\é)g)

spHry... 1) = exp{—B(V, + W)}

N
Vi= Y ullr, =)+ Y, ViendBype)  (10)
a<f n.n.n.

(a,8)

where the constant Z; normalizes s3?, the equilibrium
probability distribution of single-chain conformations,
to unity, and the second sum in V; is taken over all pairs
of sites a and f that are next-nearest neighbors (“n.n.n.”)
along the chain.

The direct method of calculating the right-hand side
of eq 9 is a statistical evaluation of the integral, i.e. a
Monte-Carlo computer simulation of the single molecule
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experiencing the potential V; + W. This would be far
more expensive for the star molecules studied here that
it was for the linear molecules studied in ref 37, because
the stars here are from 4 to 200 times as big as the
largest of the linear chains we considered earlier.
However, we also developed in ref 37 an approximate
variational method for calculating the equilibrium wgg,
which produced results at high density as good or better
than those from the Monte-Carlo method. We will use
this second approach here. This requires an expression
for a “trial” equilibrium probability distribution function
sy and a generating function Flsy], the minimization of
which defines the equilibrium distribution s,

For the trial distribution function we use a generali-
zation of eqs 25 and 26 of ref 37,

syr.ry) =2, exp{—BV,} (11)
Vir,.ry) = 2 u(lry, = rg) + Viena(Gygi€08)
B

where the (many) variational parameters e,3 determine
the (possibly different) degrees of local chain expansion
or contraction at each n.n.n. bending degree of freedom
in the trial conformation. Vieng is chosen to have the
same form as the actual n.n.n. bending potential of the
model star molecule, eq 1. (But note that this does not
imply any a priori relationship between ¢, the param-
eter that defines the local stiffness of the real molecule,
and the €., which define the degree of expansion or
effective local stiffness of the trial conformation). The
bonding constraints are taken into account by constrain-
ing the form of sy to be that appropriate for a connected
polymer rather than by introducing an explicit potential
between bonded sites into Vi.

For the generating functions Flsy] we also generalize
the results of ref 37. Employing the same virial expan-
sion and truncation at pair interactions, and with the
use of eq 11, we can write the following generalization
of eq 33 of ref 37,

F({Eaﬂ};{ei%}) = Fideal + Fexc + F

solv

(12)

ﬁFideal =- Z log ZG(euﬂ) +

(a,8)
By dr 47r* oM Viena(Bogi€ap) — ViendBagico))

BF . = — 2 /;)U dr 4.7'[7‘2(0(15(7‘) [exp{—Buys(™} — 1]

at+2<p
ﬂFsolv =
- 2 L " dr 47r” wy(r)lexp{ —BWos(riect)} — 1 +
a+2<f

>[5 dr dnrte fr) BW(rield)

(a,B)

Z(e)= [ d(cos 6) exp{—Puys(b[2 + 2 cos 6]2) —
BVoend 8560}
where each of the wqg on the right-hand side of this

equation depends a priori on all of the variational
parameters €,5. There are minor notational differences
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between this expression and eq 33 of ref 37: We have
written here wog instead of s3’; there is no difference as
long as a # §, as it does everywhere in eq 12. We have
also kept a term in Fige, that depends on €y, which we
dropped in ref 37 because we considered there only ¢,
= 0, and we have dropped the n.n.n. terms in Fe, which
are always zero for trial conformations given by eq 11.

The significant difference between Vi and F as used
here and in ref 37 is that there are of order N variational
parameters €,3 describing a unique effective stiffness
for each n.n.n. pair. It is not practical to keep all of
these parameters independent, nor would it be logically
consistent: There are only three site types as far as the
solvation potential pair components W;; are concerned,

. and therefore only five potential types of n.n.n. pairs

as far as intermolecular interactions are concerned:
pairs in regions 0, 1, and 2, and “junction” pairs
straddling regions 0 and 1 or 1 and 2.

There is no need for a variational parameter for pairs
in region O (the central structure), because these sites
are fixed relative to one another and cannot respond to
interactions with other sites. There would also appear
to be little need for independence in the stiffness
parameters of the small number (of order f/N) of
junction pairs. The most logical approach would be to
define a mixing rule that equates the stiffness param-
eter of each junction pair to some average of the stiffness
parameters of the two regions it straddled. But we have
not done this. The convolution approximation described
below (eq 13) that allows us to calculate easily the pair
correlation function between sites in different regions
necessarily implies that all the stiffness parameters of
the junction sites are set to zero. One would expect this
to be a relatively unimportant consequence so long as
the star arms are quite flexible, because while inserting
a freely-jointed link would drastically change the con-
formational properties of a rigid rod, it would not
significantly change the properties of a flexible coil.

We are left, therefore, with two independent stiffness
parameters, ¢; for the core n.n.n. pairs on each arm, and
€o for the corona n.n.n. pairs. These two, along with
the number N; of sites on each arm that are defined to
be in the core, are the three variational parameters that
determine the trial star conformation sy via eq 11. The
functional minimization of Flsy] is then obtained by the
ordinary minimization of F(ey,e2,/V1).

To calculate the trial intramolecular pair correlations
wog that enter eq 12 we use the discrete Koyama
semiflexible chain approximation.’® We calculate the
n.n.n. correlations wqq+2 exactly. For the case of n.n.n.
pairs where one site lies on the central structure this
involves some nontrivial but straightforward analytic
geometry.

With three site types we must specify how to calculate
wqs when sites a and f lie in different regions. For
simplicity we have made a “Markov” convolution ap-
proximation,

weslry — T4 = f d®rjwq (v, — r wr,; — rﬂ(li3)

for sites in neighboring regions, e.g. 0 and 1 or 1 and 2
on the same arm. The site oJ is the junction site between
the two regions, and as mentioned above, eq 13 implies
that the stiffness parameters for the two n.n.n. pairs of
which J is a member are both zero.

When a and § are in nonneighboring regions (e.g. 0
and 2 on the same arm, or any two regions on different
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arms) we use the obvious multiple-convolution extension
of eq 13, involving sites J, ', etc. that lie at the junctions
of the regions lying between a and £, and involving
integrations over ry, ry, etc.

F depends, as in ref 37, not only on the trial values of
the variational parameters ¢, but also parametrically

on the equilibrium values of these parameters ez%,
because it is the eff‘ﬂ that determine the solvation

potentials Wos. Thus finding the €33 from F is a self-
consistent process: We guess an 1mt1al set and calculate
from them a set of equilibrium intramolecular correla-
tion functions wqgs. We use the wqs and PRISM theory
(eq 6) to calculate the intermolecular pair correlation
functions cqg and Sgs, and then use eq 8 to form the
solvation potentials Wy Inserting the Wys into F, we
then minimize F with respect to the ey, and this

provides a new, better set of values for the €3 We
continue the recursion until the set of equilibrium
variational parameters we use to calculate Wz is the
same as the set we find by minimizing F. We require

exact self-consistency for the integer number Ni* and
typically consistency within one part in 102 for the real
numbers ¢; and €. This takes 5—7 recursive minimiza-
tions of F. The recursion is apparently stable, and
“mixing” of the variational parameters from the ( — 1)th
and ith iteration is not required.

It is possible to interpret the self-consistent minimi-
zation process physically: Minimization of F' corre-
sponds to minimizing, with respect to the probability
distribution of conformations, the effective single-
molecule free energy of a “test” star molecule inserted
into the solvating medium of the other star molecules %0
The solvation potentials W describe the influence on
the test star of the solvating medium. This influence
quite naturally depends on the conformational proper-
ties of the stars in the medium, which is expressed by
the dependence of Wyg on the equilibrium values of the

conformational variational parameters egjg. The self-
consistency condition is then the physical requirement
that, since they are all physically identical, the param-
eters describing the conformation of the solvating stars
must be the same as those describing the conformation
of the test star.

From this physical point of view there are three
distinct contributions to F, indicated explicitly in eq 12
as Figeal, Fexe, and Fqy, and which have the following
interpretations.

Fi4ea1 measures the “ideal” free energy of the test star,
the free energy of the star due only to the bonding
constraints and the local intramolecular interactions.
We have defined the “local” interactions to be just the
excluded-volume and bending-potential interactions
between n.n.n. sites. We have also chosen the local
interactions determining the trial conformational dis-
tribution function sy to have the same form as the local
interactions of the real star; in particular we chose
Viend{€qs) in V1 to have the same form as the n.n.n.
bending potential of the actual star, as given by eq 1.
Thus the minimum of Figea1 occurs simply when e =
€0, and Figeal rises if any of the €45 = €.

F¢y. measures the free energy arising from the long-
range intramolecular excluded-volume forces. That is,
it measures at the level of the second monomeric virial
coefficient the entropy loss of the chain due to the
restriction that the monomers not overlap. Fe. rises
with more compressed trial conformations and falls with
more expanded trial conformations.
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Table 1. Equilibrium Conformational Parameters for
Various Stars

(B (B)b
fx Na 7 € N (deg) (deg) RYd e

4 x100 020 1.65 0.73 10 122 113 24.6
4 x 100 055 133 -0.025 6 119 104 10.8
8 x 100 020 280 0.77 13 132 113 479
8 x 100 0.55 2.37 0044 10 128 105 30.1
8 x 1600 0.20 4.10 0.88 21 139 114 120

8 x 1600 0.55 3.38 0.15 17 136 106 78.4
12 x 100 0.20 3.65 0.78 15 137 113 70.5
12 x 100 055 3.13 0.065 12 134 105 46.4

@ Average n.n.n. angle in core region (see Figure 1). ® Average
n.n.n. angle in corona region. ¢ Mean square length of core region.

Fyov measures the free energy cost of the intermo-
lecular packing constraints, as conveyed by the solvation
potential. Fg, rises with more expanded trial confor-
mations, reflecting the need in expanding the star to
push against the solvent, and rises with density, as the
strength of the solvation potential itself grows (see
Figure 15 below).

We may define a test star that is ideal in the usual
Flory sense, i.e. a star for which the long-range forces
cancel and Fey + Fgov equals a constant independent
of conformation. The equilibrium distribution of con-
formations for this star is that which minimizes Figeal
alone, i.e. €q3 = €. Note that this ideal distribution of
conformations depends only on ¢ and is independent
of polymer concentration. In the general case Fex +
Fv does depend on conformation and the test star can
reduce this net nonideal free energy by moving away
from the ideal distribution of conformations. This
increases Figeal, and so the equilibrium distribution of
conformations is in a general sense determined by the
trade-off between the “cost” of increasing Figeq; and the
“benefit” of decreasing Fex. + Fsov. The balance point
will vary with polymer concentration.

IV. Conformation of Model Stars in Solution

Using the method presented in section III, we have
studied the conformational changes in the model stars
defined in section II, changes that are induced by
changing solution density, number of star arms £, and
length of arms N,. We have taken b = ¢, that is, the
sites in the star molecular are just tangent, and set ¢
= 0, that is the stars have no local stiffness. This is
exactly the model that has been studied most exten-
sively in off-lattice computer simulations of the single
star.’® Our work is complementary, therefore, to the
existing computer simulation work, because we study
the (otherwise inaccessible) case of high polymer con-
centration with the same basic model.

The principal results of our calculations are presented
in several figures and tables, as follows: Table 1 shows
the equilibrium values of the variational conformational
parameters {e5%, 5%, Ni?} for some typical stars. All
stiffness parameters are measured in units of k7. Note
that the equilibrium stiffness parameters for the core
sites are always higher than those for the corona sites
and that the disparity increases with density, arm
length and arm number.

Figure 2 shows the variation in star radius of gyration
R with polymer concentration, as measured by mono-
mer packing fraction 7, across the “concentrated” regime
and into the “melt” for f x 100 stars. We find R,
decreases smoothly with # for all stars, and the total
decrease over the range shown (0.20 < z < 0.55) is about
20%. This general behavior is the same as that calcu-
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Figure 2. Squared radius of gyration R2 of f x 100 stars as
a function of monomer packing fraction 77 Each set of points
is marked with the value of f. The curves are 35.0f 038,030,

Table 2. Size of 8 x N, Star Molecules at “Concentrated
Solution” Densities (n = 0.20)

arm length N,

measure? 100 200 400 800 1600
R%/g? 243 491 981 1954 3885
Sarm 1.18 1.14 1.11 1.08 1.06
RZ/O2 121 239 470 922 1815

0.398 0.390 0.381 0.371 0.364
g — &o 0.057 0.047 0.038 0.028 0.020
g — goVlgo 0.17 0.14 0.11 0.08 0.06
c?/o? 20 29 40 53 69

@ Apparent power laws: g ~ N [2%4 2 ~ N0,

lated in our earlier work for linear chains.3” If we force
a power-law dependency on Rz(f 7N, = 100), we find a
best fit with

RAfn.N, = 100) = 35.0F°% 0% (14)

and this function has been used to draw the curves in
Figure 2. The significance of the exponents is difficult
to assess, since the range of f and # over which they

have been extracted is small. Note, however, that R2
~ 57025 ig predicted by scaling arguments for the size
of linear polymers in semidilute solution.5? Figure 2 and
eq 14 imply that contraction of star polymers with
density is predicted by our theory to continue through-
out the semidilute and concentrated solution regimes
and on into the melt. (Indeed, no density-independent
value of R, ever appears in our calculations.) These
results are consistent with our earlier results on linear
chains,?” and as discussed there with the few experi-
mental measurements on linear chains that have been
made. No contradiction of scaling arg‘uments is implied
by this—note that by construction R ~ N for all our
stars in the N — o limit. Rather, as we observed
earlier,3” our results suggest that the effective segment
size or persistence length that enters scaling arguments
and similar “coarse-grained,” long-wavelength theories
as an unknown parameter is not independent of polymer
concentration.

Tables 2 and 3 show how the size of 8-arm stars
changes with arm length N, at constant “concentrated
solution” (y = 0.20) and “melt” ( = 0.55) densities.
Tables 4 and 5 by contrast show how the size of stars
with fixed arm length N, = 100 changes with arm
number f, also at » = 0.20 and » = 0.55. Shown in each
of these four tables are also various ratios that have
been used to quantify the differences observed between
the sizes of stars and the sizes of linear chains, and
between the sizes of real (or realistically-modeled) stars
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Table 3. Size of 8 x N, Star Molecules at “Melt”
Densities (n = 0.55)

arm length N,

measure® 100 200 400 800 1600
R%o? 180 364 728 1450 2882
Zarm 1.15 1.12 1.09 1.06 1.04
RYo? 91.0 179 349 684 1346

0.382 0.373 0.361 0.352 0.345
g~ 8o 0.041  0.030 0.018 0.009 0.002
g — go)/go 0.12 0.09 0.05 0.03 0.01
c%/o? 15 21 28 37 48

o Apparent power laws: g ~ N ;°%% ¢2 ~ N%42,

Table 4. Size of f x 100 Star Molecules at “Concentrated
Solution” Densities (7 = 0.20)

arm number f

measure? 4 6 8 12
R2/0? 222 233 243 261
Garm 1.08 1.13 1.18 1.27
RYo? 95.0 110 121 141
g 0.638 0.484 0.403 0.307
g8 0.017 0.043 0.062 0.073
(g — goVgo 0.03 0.10 0.18 0.31
cfo? 5.2 13 20 37

@ Apparent power laws: g ~ f066 c2 ~ f18

Table 5. Size of f x 100 Star Molecules at “Melt”
Densities (7 = 0.55)

arm number f

measure?® 4 6 8 12
R¥o? 163 174 180 194
Zorm 1.05 1.11 1.15 1.24
RYd* 70.3 83.0 91.0 106
0.603 0.469 0.401 0.296
g~ 8o ~0.018 0.027 0.059 0.061
(g — 8o)igo —-0.03 0.06 0.17 0.26
c2ho? 3.3 11 15 27

@ Apparent power laws: g ~ f064 ¢2 ~ F19,

and the ideal Gaussian-chain model of stars:52

garm = R2/R(hn) (15)
g= Rg/Rg(lm) (16)
Rl 52
g
8 8= - a7
Rg(hn) Séuw
*=R.-R’ (18)

where R, is the mean square end-to-end distance of a
linear chain of length N,, and R? «in) 18 the mean square
radius of gyratlon of a linear cham of length N =fN, +
f. S2 and Sg(lm) are the mean square radii of gyration of
a Gauss1an star and Gaussian linear chain, respectively,
both of size N. Finally R? is the radius of gyration of a
hypothetical star exactlyghke the real star except that
€1 and g are set equal to €57 i.e. this is a star in which
the local chain expansion has been forced to be equal
everywhere to the equilibrium local chain expansion
calculated for the outer, corona region of the real star.
We calculate R(Zlin) using the same pearl-necklace
model we have adopted for the stars, using the same
generating functional theory, as it was presented in ref
37 for linear chains. We define S to be the mean
square radius of gyration of a star consisting of f
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Gaussian chains of mean square step length b2 attached
to our central branch-point structure. That is, we have
removed the trivial effects of the finite size and shape
of our central structure, so that any difference between
R: and S: reflects non-Gaussian behavior of the arms.
For this definition the exact expression for S: is

g2 N[ G- 2N:  (3f— DN,
£ BfAN,+ 1 FUN,+ 1P
3¢,N,(N, + 2 3c,

+ 19
AN, + 1% P, + 1)3} 4o

f‘

042

e = S0 - £OP)
i=2

f 7z
=23 Y (-1 (20)
i=1j=i+1

where r® is the location of the ith site of the center
structure. In the long-arm limit, N, — , only the first
term on the right-hand side of eq 19 survives, and we

recover for S2 the customary expression for Gaussian

stars,52 ¢
o _N[3f—2
St= E{ = } (21)

The physical meaning of the measures in eqs 15—18
is as follows: garm quantifies the stretching of a linear
chain that occurs when they are “tethered” together at
one end in sets of f instead of being allowed to freely
mix. g shows the overall contraction of the star relative
to a linear molecule of the same total weight. Of course,
much of this contraction is attributable simply to the
increased connectivity of the star: eight 100-site chains
with their ends tied together must occupy a smaller
volume than one 800-site chain, so long as the chains
fill space inefficiently. However, it turns out that the
contraction due to increased connectivity is not fully
realized, due to nonideal stretching of the star arms,
as discussed more fully in section IV.C below. To
quantify this effect, we have defined g¢, the equivalent
of g for a purely Gaussian star and chain, and then show
in Tables 2—5 both the absolute and relative difference
between g and go. Since any piece of a Gaussian chain
molecule has no interaction through space with any
other piece of the same molecule, the arms of a Gaussian
star are in no way different from linear chains of the
same length. Values of g¢ not equal to unity can result
then only from the effects of star connectivity, and so
by comparing go to g we compare the shrinkage of the
star (relative to the linear chain) due only to star
connectivity and the actual shrinkage of the star.

For example, from Table 4 g is 3% larger than g, for
f = 4 stars at 7 = 0.20, indicating that 3% of the
shrinkage expected from increased connectivity is not
realized in the real star because of nonideal stretching
in the arms. Or we could equivalently say that due to
arm stretching, an expansion of the real star occurs that
is 3% of the magnitude of the shrinkage due to the
connectivity., For f = 12 stars the nonideal expansion
is much larger and g rises to a value 31% larger than

8o

The quantity c?, like g — go, measures the expansion
of the star relative to a star model with independent
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arms, but the latter is not the Gaussian-star model.
Instead we have constructed a star exactly like our
actual star, but with both core and corona stiffness
parameters, €1 and €g, set equal to the corona stiffness

parameter €5 of the actual star. What we have done
by this choice is ensure that the chains that make up
the independent-arm model star are identical along
their entire length, and have the same properties at the
branch point as they do far away, and have the same
properties as the actual star arm has far from the
branch point of the actual star. This prevents any
contribution to ¢? from effects not related to the exist-
ence of the branch point, e.g. the fact that we predict a
slow increase in local chain expansion with molecular
weight for any architecture at these molecular weights.
c? was defined in the general sense by Boothroyd and
Ball32 to classify models of star conformation, as we will
discuss further in section IV.A.

At fixed N, we find from Figure 2 that R, increases
with £ at all densities, unsurprisingly. But this increase
is larger than that predicted by the increase in star
connectivity with 7, as is shown by the increase in g —
go with f shown in Tables 4 and 5. The fact that this
extra swelling of the star decreases with increased
density (compare values of g — go in Table 4 with values
of g — go in Table 5) suggests that its physical origin
lies in incomplete screening of long-range intramolecu-
lar repulsion, because screening increases with density.
The fact that the relative extra swelling decreases with
arm length (see Tables 2 and 3) suggests that the
important region in which incomplete screening occurs
is near the branch point, because the relative contribu-
tion of this region to the size of the entire star decreases
with arm length.

These suggestions can be tested by a more detailed
picture of the changing star conformation. We define
Ap(r) to be the difference between the monomer density
per arm of an f x N, star and the monomer density of
a linear chain of length N, under the same conditions,

Ap(r) = f—.lpstar(r) - pchain(r) (22)

where r is measured from the center of the star and from
the end of the linear chain. The purpose of this measure
is, first, if the star were essentially like f linear chains
at the same density connected together by their
ends—and these chains would have some small residual
nonideality even at high density®"—then Ap(r) would be
identically zero. Secondly, since the total number of
monomers on an arm and linear chain is the same, Ap-
(r) must always integrate to zero, so that Ap(r) high-
lights the changes in the radial distribution of monomer
density as we go from lengths of chain that are free to
lengths that form the arms of a star polymer.

Figure 3 shows Ap(r) for varying f and 5. Three
effects are apparent. First of all, Ap(r) is not flat. When
f linear chains are joined to form a star, monomer
density is transferred from the regions of the chains
near the branch point to regions farther out. It is this
transfer of density outward that causes the extra
swelling of the star. Second, at higher densities the
transfer occurs from and goes to regions closer to the
branch point, consistent with the overall contraction of
the star with 7 seen in Figure 2, and as one would expect
from the general contraction of polymer chains with
density. Finally, as f increases, the total monomer
density transferred increases sharply, which is why g
— 8o grows with fin Tables 4 and 5.
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Figure 3. The difference Ap(r) between the monomer density
per arm of an f x 100 star and the monomer density of an N
= 100 linear chain at the same packing fraction (see eq 22).
Distance r is measured from the star branch point or the end
of the linear chain. Shown in (a): Ap(r) forf=4, 6, 8, and 12
at fixed density. Shown in (b): Ap(r) for an f= 8 star at a low
and a high density.
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Figure 4. Local aspect ratio or persistence length £, averaged
over the core (£;) or corona (&2) sites of each arm, for f x 100
stars at low density ( = 0.20, open circles) and high density
(n = 0.55, filled circles). For comparison some persistence
lengths for linear chains of the same model, using the same
theory, are 1.55 (N = 100, n = 0.20), 1.30 (N = 100, = 0.55),
1.59 (n = 200, n = 0.20), and 1.32 (N = 200, n = 0.55).

Intuition suggests that the cause of this transfer of
density is that the arms near the branch point become
stretched and fill space less efficiently. Figure 4 con-
firms this. Shown in this figure is the local aspect ratio
or persistence length & of the arm in the core (§1) and
corona (£3) regions. & is always significantly larger
than &;, and the ratio £1/&2 grows with f. This ratio also
happens to grow with 7, because, while the value of &;
decreases with 7, it does not do so by as large a fraction
as the value of £&,. The absolute value of &3 is not far at
high densities from the persistence length &, = 1.33 of
a linear chain that is ideal in the same sense as the
ideal star defined at the end of section III.B.

In Figure 5 we show the variation of &; and &; with
N, for a fixed f = 8. Although &; appears to quickly
reach a limiting value, &; continues to grow throughout
the range of N, shown. The size N; of the stretched
core region also shows no sign of reaching a limiting
value by N, = 1600, so that the mean square end-to-
end distance of the core region Rf grows steadily across
the entire range 100 < N, < 1600, as shown in Figure
6. An apparent scaling of RZ ~ Ni/3 can be extracted
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Figure 5. Local aspect ratio or persistence length £, averaged
over the core (&) or corona (&;) sites of each arm, for 8 x N,
stars (100 < N, < 1600) at low density (7 = 0.20, open circles)
and high density (n = 0.55, filled circles). For comparison some
persistence lengths for linear chains of the same model, using
the same theory, are 1.55 (N = 100, » = 0.20), 1.30 (N = 100,
n = 0.55), 1.65 (n = 1600, 7 = 0.20), and 1.40 (N = 1600, n =

0.55).
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Figure 6. Mean square end-to-end distances of the core region
of 8 x N, stars at low density (y = 0.20, open circles) and high
density (7 = 0.55, filled circles). Shown also are the results of

fitting a power law to the dependence of R on N..

from Figure 6, so that the ratio of core to total arm end-
to-end distance, Rf/R2, could be said to scale roughly as

N ;2/3. The relative degree of stretching of the core
regions, as measured by this ratio, appears therefore
to be a slowly decaying finite-size effect, which would
vanish in the N, — e limit.

What causes the star arms to stretch preferentially
in the core region? At low polymer concentration (n —
0) the answer is clearly the extra long-range excluded-
volume interactions the core experiences from the
crowding together of the star arms near the branch
point. In the formalism of our theory, the free energy
F of a “test” star in the solution has a nonideal
component Fe,. from excluded-volume interactions that
can be decreased by stretching the core. Doing so
increases the ideal component Figeal and an equilibrium
degree of chain stretching is reached when the dif-
ferential decrease in Fey on further stretching just
compensates for the differential increase in Figeal.

However, at high polymer concentration the long-
range excluded-volume interactions are normally
screened by intermolecular interactions. In our formal-
ism any change in Fex induced by changing conforma-
tion is largely canceled by an accompanying change in
Fe. Why then should there be any stretching of the
core at high density? In brief the answer to this is in
two parts: first, screening of long-range excluded-
volume interactions is less effective for core sites than
for corona sites because the corona shields the core from
the intermolecular interactions that cause screening.



7470 Grayce and Schweizer

20.0

ideal star

linear chain

0.001 0.01 0.1 1
ko /2r

Figure 7. Average intramolecular pair correlation function
w(k) for a 4 x 100 star, shown in Kratky form. The dashed
curve labeled “ideal star” shows the density-independent
conformation of a star with €]* = ;' = ¢¢ = 0. The curves
labeled “linear chain” show w(k) for a 2 x 100 star (i.e., linear

200-mer).
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Figure 8. Average intramolecular pair correlation function
w(k) for a 12 x 100 star, shown in Kratky form. The meaning
of the labels is as in Figure 7. From comparison of this figure
to Figure 7 it is apparent that the degree to which the actual
star differs from the ideal star increases strongly with arm
number.

Second, most of the driving force for core expansion is
“nonlocal,” in the sense that it originates not in excluded-
volume interactions between the core sites themselves,
but between core and corona sites, and between corona
sites on different arms. (This is in distinct contrast to
the situation for linear chains: the driving force for
expansion of the “core” of two-arm “stars” is dominated
by forces of “local” origin, i.e. by the interactions among
“core” sites themselves.) Screening of excluded-volume
forces is inherently more efficient between sites that are
already well-correlated by being connected by short
stretches of polymer backbone. Conversely, screening
of excluded-volume forces is less efficient between pairs
of sites on different arms, or where one site is in the
corona and one is in the core, since sites such as these
are only weakly correlated by the long stretches of
polymer backbone that connect them. We will present
a detailed explanation of these statements in section
Iv.C.

Figures 7 and 8 show Kratky plots of the average
intramolecular structure factor w(k) = N~ ¥, swqs(k).
In these two figures we have shown for comparison
k2w(k) for 2 x 100 “stars” (i.e. linear 200-mers), calcu-
lated self-consistently with the same theory. We have
also shown k2w(k) for the ideal star as defined at the
very end of section IT1.B. Note the characteristic small-&
peak in k2w(k) in the star curves, the signature of the
increased connectivity of the star with respect to the
linear chain. The actual stars show a significantly
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Figure 9. Log—log plot of the monomer density per arm of 8
x N, stars at 7 = 0.55 as a function of distance r from the
branch point. Each curve is labeled with the value of N,, and
the arrows of the labels point to the value of R/o in each case.
The short line shows the closest apparent scaling law expo-
nent. The Daoud—Cotton model prediction for this exponent
is —1.

smaller low-%& peak than do the ideal stars, because the
crowding of monomers due to increased connectivity
that causes this peak is partially canceled by the
nonideal stretching of the star arms.

A. Comparison with Other Theories. The most
widely studied non-Gaussian theoretical model of star
conformations is that of Daoud and Cotton,!® which is
based on the “blob” model of semidilute linear chain
solutions and on the assumption that each arm of the
star, as it radiates away from the branch point, is
strictly confined to within a solid angle 47/f by the other
arms. It is the predictions the Daoud—Cotton model
makes for dilute good-solvent solution that have re-
ceived the most attention. However, the model also
makes scaling predictions for @-solutions, and, as
Horton et al.!* and Boothroyd and Ball®? have argued,
these predictions should in principle apply equally to
the melt, since they are based only on the confinement-
of-arms ansatz and ideal (2 ~ n) scaling of the size r?
of segments of the chain with length n. It is not clear
that the lower limit of arm-number f for which the
Daoud~—Cotton model makes sense extends to the f <
12 stars we study, but nevertheless, the comparison of
our results to the Daoud—Cotton predictions is of
interest. Those predictions are as follows:

Pintra) ~ fror! (23)

for the intramolecular (on the same star) monomer
density as a function of distance r from the branch point,
and,

R~ fN, (24)

for the size of the star.

Figure 9 shows f1pitra(r), that is the intramolecular
monomer density per arm, for 8 x N, stars at high
density (# = 0.55) on a log—log plot. One could interpret
this figure as showing the development of an intermedi-
ate power-law scaling regime as N, increases, but the
evidence would have to be considered marginal in our
opinion. Of course, scaling behavior might be concealed
by large “crossover” effects, since the local (0) and global
(Rg) length (scales) of the star are separated by only a
factor of 36 in the largest star contributing to Figure 9.
This separation, while certainly comparable to experi-
mental systems, may not yet be enough to allow the
clear dominance of some intermediate length scale such
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Figure 10. Monomer density per arm of f x 1600 stars at z
= 0.55 as a function of distance r from the branch point. Each
curve is labeled with the value of f. The arrow indicates R,/o,
which is at essentially the same place on the scale of this plot
for all values of £.
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Figure 11. Monomer density of f x 1600 stars at y = 0.55 as
a function of arm number f, at various values of distance from
the branch point r. Each curve is labeled with the value of
rio at which it is drawn. At large r the monomer density scales
as f1, which is just the prediction of any independent-arm
model.

as the proposed local “blob” size in the Daoud—Cotton
model. Exactly how much larger than o we must make
R, to clearly observe (or rule out) scaling behavior
cannot be determined from scaling arguments them-
selves, unfortunately.%3

Figure 10 shows £ 1piuira(r) for £ x 1600 stars. £ pintra
is dependent of f for any ideal model of the star—such
as the Gaussian-star model—in which the arms do not
strongly perturb each others’ conformation by their
presence, and, as can be seen from this figure, we find
this for our model stars on the length scale of B, and
larger. Given the relatively few (<12) number of arms
on these stars, this is not unexpected, and, indeed, one
would guess that for finite f this result would always
obtain at high concentration for large enough N,.

At smaller r we find that f lpinta(r) varies with £,
which is inconsistent with any independent-arm model.
However, any exponent resulting from a power-law fit
to the curves in this region would vary with £, which is
also inconsistent with the Daoud—Cotton model. Equa-
tion 23 gives pintra ~ r~ ! for all £, while the apparent
power-law behavior of pintra(r) at intermediate r seen in
Figure 10 varies from about 712 (f = 4) to 793 (f =
12).

If pintra 1s considered as a function of f at fixed values
of r to illuminate its f dependence, as in Figure 11, the
closest apparent intermediate region power-law behav-
ior we can find varies between about f%° and (exactly)
f1, depending on the particular value of r chosen. The
physical origins of this variation are two: First, the
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increase of total molecular weight N = fN, with f tends
to increase pintra(r) with f at any fixed ». This would
lead to a positive scaling exponent. Competing against
this “ideal” effect, however, is the transfer of monomer
density from the inner to the outer regions of the star
illustrated in Figure 3. This transfer increases with f;
that is, pinta(r) at small r is increasingly depleted by
monomer density transfer as f increases. This “non-
ideal” effect would tend to lead to a negative scaling
exponent. The combination of “ideal” and “nonideal”
effects gives the actual scaling exponents seen, nearly
0 at small » and exactly 1 at large ». The linear scaling
of pintra With f that emerges in Figure 11 at large r ~ R,
is the prediction of all independent-arm models, and
occurs for the same relatively trivial reason as the
independence of f seen in /" 1pinra(r) for large r in Figure

Turning to the size of stars, we note that the Gauss-
ian-star model predicts g ~ f _lNg, while the Daoud—
Cotton model (eq 24) predicts g ~ f '1’2Ng. What we
find (Tables 3 and 5) is g ~ f *%N %, which is not
consistent with either model. The N, dependence is
very weak, and may perhaps vanish in the N, — o limit.
The f dependence rather suggests a degree of avoidance
by the arms of each other that is “between”, in some
sense, that proposed by the Gaussian model (none) and
that proposed by the Daoud—Cotton model (complete).
A conclusion that our theory displays a “partial” avoid-
ance by star arms of each other in the melt would
therefore be an accurate statement, but we emphasize
that it would be a statement about the results of and
not the assumptions underlying our calculations.

Boothroyd and Ball have classified those theoretical
models of star conformation in the melt that allow for
stretching of the arms.?2 They define ¢? thus,

RYfN,) = RYfN, + ¢ (25)

where R: is the radius of gyration of some independ-
ent-arm model, e.g. the Gaussian-star model. Then they
define as class 1 those models that do not predict a
dependence of ¢ on N, and as class 2 those models that
do. To class 1 belong, for example, “wormlike”®* and
R.1.S.1185 gtars. Boothroyd and Ball proved that any
model in which arm stretching has a purely “local”
origin—i.e. does not arise from any interactions involv-
ing the outer regions of the arms—must belong to class
1in the long-arm limit. To illustrate class 2 Boothroyd
and Ball constructed a simple phenomenological model
in which a star consists of Gaussian chains, but all
monomers in the corona region of the star arms are
excluded from coming closer than some fixed distance
ro from the branch point. They showed that this model
predicts ¢ ~ N2 in the limit o < R,. The exclusion-
zone idea has seen considerable further development in
the context of the very-many-arm star, or polymer brush
formed on a tightly curved surface,?325 and character-
istics of an exclusion zone for the arm-ends in this
context have been derived by self-consistent-field theo-
ries assuming ground-state dominance.25

Our theory of the star at high density belongs to
Boothroyd and Ball’s class 2, as implied by the signifi-
cant N, dependence of ¢ shown in Tables 2 and 3, and
as will become more explicitly apparent in section IV.C.
Indeed, the apparent dependence of ¢? on N, that we
find (c2 ~ N%% for f = 8 stars at 7 = 0.55) is not far
from the N dependence of the simple “corona exclu-
sion zone” model. If we work out rp using eq 5 of ref



7472 Grayce and Schweizer

32, we find a value for the “size” ry of the exclusion zone
that changes weakly with N, (ro ~ N ;0'09), and strongly
with f (m ~ f17). Note that ref 32 proposes ro ~ "N,
with 1 < v < 2.

A sharply-defined zone of complete exclusion of the
corona is not realistic at the detailed level of description
of star conformation we have adopted, and, indeed, such
a sharp zone has never turned up in computer simula-
tions of the same model.3° But the exclusion zone, at
least in the few-arm limit, could certainly be considered
to be a coarse-grained, “step-function”-like approxima-
tion to the transfer of monomer density outward seen
in Figure 3. If we interpret the exclusion zone in this
way, as being rather “soft” and fuzzy-edged, then it
appears reasonable to say that our results are consistent
with this model of star conformation. Note that since
we do not assume but rather predict arm stretching and
the associated transfer of monomer density outward, we
can inquire into the microscopic physical origins of these
effects, as we will do in section IV.C.

B. Comparison with Experiment. Small-angle
neutron scattering (SANS) experiments have measured
the size of star-branched polybutadiene in the bulk
melt.}* As does our theoretical work, the results of these
experiments suggest that the stars are swollen in the
melt, that is, that the size of the star is greater than
what an independent-arm model would predict. Refer-

ence 14 reported values of ¢2, with R: in eq 25 defined

as the measured radius of gyration and Ré defined as
the radius of gyration of a hypothetical star of independ-
ent arms, where the characteristics of the arms (C.. in
particular) were those of linear polybutadiene. c? was
found to depend strongly on f, which is inconsistent with
any independent-arm model. Futhermore, c? was also
found to increase with arm molecular weight M,/f,
which, as emphasized in both refs 14 and 32, is
inconsistent with all models belonging to Boothroyd and
Ball’s class 1.

A detailed numerical comparison of our predictions
with the experimental results of ref 14 is premature,
because we have made no attempt to choose parameters
of the model star solution that are consistent with the
chemical bonding structure of polybutadiene (e.g. ¢
should be significantly less than b, ¢y should be much
greater than zero, and a bare torsional potential should
be introduced). But looking nevertheless at the general
trends, from Table 1 of ref 14 we extract the widest
series in arm molecular weight with fixed arm number
(samples S12A through S12E, for which f= 12 and M/f
= 746 through 15 500) and find c2 ~ N>*°, which might
be compared with our theoretical prediction of ¢? ~
N2 for 8 x N, stars at 7 = 0.55. For the widest series
in arm number with arm molecular weight almost fixed
(samples S3B, S4A, and S12C for which /= 3, 4, and
12 and M/f = 2270, 2380, and 2360, respectively) we
find ¢2 ~ f24 which might be compared with our
prediction of c2 ~ f19 for f x 100 stars at = 0.55.

We have also made a crude mapping of our simple
model onto the real polybutadiene stars in the experi-
ments of Horton et al., as follows: First, we set the
number of sites in our model stars equal to the number
of backbone carbon atoms in the polybutadiene stars.
Second, we set the site diameter ¢ in our model equal
to a rough value of 4.0 A for the effective diameter of a
CH; group. Finally, since we only have calculations for
f = 8 stars, and not for the f = 12 stars which form the
widest series in arm molecular weight in ref 14, we scale
the RZ values we calculate for f = 8 stars by eq 14 to
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Figure 12. Swelling measure c? as measured experimentally’4
(circles) and as predicted theoretically (triangles). The line
through the circles is a least-squares fit. The line through the
triangles simply joins the symbols.

get approximate R: values for f = 12 stars. A com-
parison of our final theoretical predictions for c2—which
are entirely free of adjustable parameters—with the
experimental measurements is shown in Figure 12.

We note in concluding this section that, by using
deuterated/hydrogenated diblock copolymers as the
arms of a star molecule, Lantman et al. have been able
to measure directly by SANS the degree of stretching
(i.e. departure from the bulk relationship between R,
and My,) in various regions of the star.1 In good solvent
at very dilute concentrations they report stretching of
the arms near the branch point. Measurements of arm
stretching using this same system in concentrated
solution and the melt could more directly test some of
our predictions.

C. Microscopic Origin of Nonideal Star Swell-
ing. We now return to examine in microscopic detail
why the star arms stretch preferentially in the core
region even at high polymer concentration. First we
define the thermodynamic forces the test star core or
corona experiences, as minus the differential change of
the test star free energy F that results from a dif-
ferential change in the appropriate conformational
parameter, e.g. for the stretching forces on the core,

aF'i eal
fideal(el) = ‘(—é—_l)
€2V}

de,
. oF
Foxcle)) = —( ) (26)
! d€; Je, v,
7 anolv
fsolv(el) = _( 861 )SZ’N1

Similar definitions apply for the stretching forces on the
corona, giving derivatives with respect to €z, and for the
forces on the size of the core, giving derivatives with
respect to Ni. The equilibrium condition that F be
minimized is then equivalent to the condition that the
net force on each conformational parameter be zero,

f‘exc(eiq) + ?solv(eiq) + ?ideal(eiq) =0 (27)

with similar requirements for €' and N3%. We will
work with the stretching forces normalized to a per-site
basis, e.g. fucler) = NV (e) and finle) =
N ;.. €5), so that by construction figeai(€1) = fidear(€2).
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Figure 13. Thermodynamic stretching forces per unit site (cf.
eq 26) on the core and corona of an 8 x 100 “test” star inserted
into an # = 0.55 melt of other 8 x 100 stars. The solvating
stars have the equilibrium conformational parameters given
in Table 1. The test star parameter that is not varied in each
of the curves above (e.g., €2 in the case of fex(€1)) is held fixed

at zero. N; = Nj? = 10 for all curves. No vertical scale is
shown because the units are dimensionless and the absolute
numerical values of the forces have no particular significance.

Shown in Figure 13 are the stretching forces per site

on the core and corona (at fixed N; = N3%) for an 8 x
100 test star inserted into an # = 0.55 “melt” of other 8
x 100 stars. The conformation of the other stars is

described by {€]%, €%, N5%} as given in Table 1. In this
figure the intersections of the curves for the net nonideal
force, fronid = fexe T frolv, With the curve for the ideal force,

—fideal, mark the values of €* and €;%. As 7 — 0 faoly
vanishes, and the only contribution to fronid 18 fexe- As
anticipated earlier, foxc(€1) > fuxc(€2), and this is exactly
why €}* > €52 in the # — 0 limit.%6

As 7 increases to 0.55, the screening of excluded-
volume forces, or equivalently the increasing strength
of the compressive solvation-potential forces, leads to a
reduction in fhonia. The net nonideal force on the corona
declines nearly to zero, consistent with the general
principle of polymer ideality in the melt, but the net
nonideal force on the core does not decline to zero. This
observation returns us to the question asked before:
why doesn’t the increase of fiol(€1) with #, relative to
fexc(€1), match the increase in fig(€2) with #, relative to
fexel€2)? In other words, why does ideality fail to develop
at high polymer concentration for the core when it does
develop for the corona?

Our first step in answering this question is to pick
out the contributions to F from the interactions among
and between the various types of sites. We calculate
separately the six types of sums over site pairs {a, §}
on the right-hand side of eq 12 for which the site types
of {a, 8} are {0, 0}, {0, 1}, {0, 2}, {1, 1}, {1, 2}, and {2,
2}. We label the resulting contributions to F as F % and
to f as f%. For example, the contribution to the
stretching force on the core from the excluded-volume

interactions among core sites is £ J(e,), while £ 12(e,)
represents the contribution to the stretching force on
the corona from solvation-potential interactions between
core and corona sites.

Shown in Figure 14 are all the nonzero contributions
to the nonideal forces on the core and corona. Interest-
ingly, the forces on the core are dominated by what we
might call “nonlocal” contributions: the contribution

from interactions between core and corona sites
[f 12(e)) and £ 1¥(e,)], and the contribution from inter-
actions between corona sites on different arms

I %) and f®)(e,)]. The interactions between the
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Figure 14. Origin by type of site-pair interaction of the
nonideal forces on core and corona of the 8 x 100 test star
shown in Figure 13. Both the fe. curves, reproduced from
Figure 13, and the f..1v curves are divided into strips showing
the contributions from each of the six different possible types
of site-pair interactions. The width of each strip shows the
size of the contribution; i.e., the vertical distance between the
two curves bounding the strip marked “(11)” under the fex(€1)
curve shows the contribution to fix.(e1) from core site—core site
interactions. Contributions not explicitly shown, e.g., f *9(ey),
fOl¢y), etc., are zero.
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Figure 15. The six pair components W;; ({i, j} =0, 1, 2) of
the solvation potential W acting on the 8 x 100 test star shown
in Figure 13. In each subfigure the three “diagonal” compo-
nents Wy, i =0, 1, 2, are drawn with solid lines and the three
“off-diagonal” components Wy, j = i, are drawn with dashed
lines. The strengths of the components at » = o are, from
weakest (least negative) to strongest (most negative), {0, 0},
{0, 1}, {0, 2}, {1, 1}, {1, 2}, and {2, 2}, respectively. Only the
three strongest W;; (Wq;, Wip, and Wyy) can be discerned on
the low-density plot—the others are nearly zero.

core sites themselves actually make relatively minor

“local” contributions [f (De.) and £ 5e)). Thus the
proper conceptual origin of star core expansion is not
so much that the core regions in avoiding each other
“push” the corona regions outward, but rather that the
corona regions “pull” the core regions taut in order to
avoid both themselves and the core regions. Within this
conceptual framework it is clear our theory belongs to
Boothroyd and Ball’s class 2. It is also then straight-
forward to rationalize the increase of core stiffening with
arm length seen in Figure 5, and the increase in star
swelling seen in Tables 2 and 3 (and in experiment;!*
see section IV.B): When the arms become longer, the
“nonlocal” forces from corona—corona and corona—core
interactions increase and the “pulling” force on the core
gets larger.

Figure 15 shows the solvation potentials that govern
the £ for the 8 x 100 star solution at 7 = 0.20 and »
= 0.55. What is apparent is that the solvation poten-
tials the core sites experience, Wo1, W11, and Wyg, are
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not as strong as the most important solvation potential
the corona sites experience, Woo. This is the first part
of why ideality fails to develop in the core. Figure 16
shows the change in the net nonideal force on the test
star core when all the W; are set equal to Wso. There
is a significant drop, particularly in the contribution
from the interactions among core sites themselves

[fiD (e)]. This contribution in fact becomes compa-

rable to the equivalent contribution to corona stretching
by interactions among corona sites [f 22\ (¢,)].

That the inner solvation potentials are weaker than
the outer simply expresses the physical fact that the
corona shields the core from intermolecular interactions.
From eq 8 it can be seen that the strength of the
solvation potentials [e.g. Wos(k—0)] is directly propor-
tional to the strength of the direct intermolecular
correlation functions [i.e. W(k—0) < c%(k—0)], so that
weak solvation potentials result from weak direct cor-
relation functions. And ¢ measures by definition inter-
molecular interaction; the probability of contact between
sites o and S on different molecules, for example, is
proportional to g.s(a), and this quantity decreases with
decreasing |cqs(k—0)]. Thus weak direct correlation
functions result from (among other things) low prob-
abilities of intermolecular contact, as expressed by deep
correlation holes. It will be shown in a following paper*
that the core sites do indeed have much deeper correla-
tion holes than do the corona sites, as one would expect
from the fact that the former are on average “buried”
deeper within the star (e.g. the average intramolecular
monomer density around a core site is higher than
around a corona site).

The contribution to the net nonideal force from core—
corona interactions does not change dramatically going
from the left to right sides of Figure 16, and the

contribution from corona—corona interactions does not

change at all (it can’t because f *2(¢,) depends only on

Wa2). The reason for these large contributions to the
core stretching force does not therefore lie in the
strength of the solvation potentials. Instead it lies in
the differing intrinsic effectiveness of the solvation
potential in canceling excluded-volume interactions for
sites that are strongly and weakly correlated. To
explain this we first note that the nonideal free energy
of the test star is built up in eq 12 principally out of
terms of this form,

Fbia =~ [&r o (nfr)

nonid
fir) = exp{—Bluys(r) + Wr]} -1 (28)

This form is similar to the terms in a mean-field two-
body approximation to the free energy,51:63.67 the differ-
ence being the weighting of the Mayer f-function by the
probability ws(r) that the two sites are a distance r
apart. If this weighting were to become independent
of r, eq 28 would reduce to the mean-field form of a
probability of a—f contact multiplied by an excluded-
volume parameter v, with v essentially the monomeric
second-virial coefficient, v = —fd% fir).

In Figure 17 we have shown the wqs(r) for two sites
that are 3 and 20 backbone bonds apart. Superimposed
on these curves is a generic polymeric f-function (that
for the corona of the 8 x 100 star at # = 0.55), so that
one can readily see for each case which portions of the
f-function are weighted most by wes(r) in eq 28. The
short-chain wg(r) is strongly peaked at small values of
r, and this peak moves rapidly outward with increasing
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Figure 16. Net nonideal forces on the core of the 8 x 100
test star shown in Figure 13. As in Figure 14 the total curve
is divided into strips showing the contributions from the
different types of pair interactions. On the left-hand side of
this figure are shown the actual contributions to the actual
frenid(€1). On the right-hand side are shown the contributions
t0 fronia(€1) if all the solvation pair components (shown in Figure
15) are set equal to Wa,.
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Figure 17. Components of eq 28, the contribution to the
nonideal free energy, for two sites a and 3 joined by short and
long strands of polymer chain. wqs(r) is the probability density
of finding the sites r apart. Ar) is a generic Mayer f-function
for their interaction. ¢ measures the stiffness of the chain
joining the sites. While the two wqs curves in each subfigure
are on the same scale, they are not on the same scale as the
—fr) curve, nor are the curves for the long-chain subfigure on
the same scale as those for the short-chain figure. All scales
have been chosen to emphasize the shape of the curves and
how this changes with e.

chain stiffness. By contrast the long-chain wqg(r) is
nearly flat over the range shown, indicating of course a
much weaker correlation of the location of 8 with that
of a.. The principal result of increasing the stiffness of
the intervening chain in this case is simply to lower the
general magnitude of wqg(r); that is, the probability of
close approach of a and § is reduced without the spatial
distribution of that probability in the range of fir) being
significantly altered.

The nonideal stretching force on the connecting chain
generated by the excluded-volume interaction between

sitesaand g, f ;‘,’gf)(e), is given from eq 28 essentially by
the change, when the chain is stretched, in the weight-
ing of the excluded-volume domain of the f~function (r

< ¢). Similarly, the nonideal stretching force generated

by the solvation-potential interaction, f (s?;fiv)(e), comes
from the change in the weighting of the solvation-
potential domain of the f~function (roughly o < r < 1.50).
Figure 17 suggests that the short-chain wqs(r) changes
more in the solvation-potential region, relative to the
change in the excluded-volume region, than does the

long-chain weg(r). Thus the magnitude of £ %(¢) should

be a larger fraction of the magnitude of **(¢) for the

short chain than for the long chain. This is confirmed
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Figure 18. Nonideal forces generated by the interaction of
two sites joined by short and long strands of polymer. The
right side of this figure could also be interpreted, as discussed
in the text, as an effective excluded volume parameter Jqs(€,n)
measured in terms of an effective bare excluded volume
Dog(e;7—0). Note the complete disappearance of fex. for ja. — S|
= 3 as € > 2.0 on the left, caused by wes(r<o) — 0. This is not
matched by a disappearance of fyv at the same €. This is why
the corresponding fuonia/fexc curve on the right diverges as it
approaches € = 2.0. The divergences (at higher €) of the |o —
Bl = 4, 5 curves have the same origin, the direction of the
divergence depending on whether f.,(¢) is positive or negative.
For large |o — B, however, wus(r<o) = 0 even for very large
e—the sites remain poorly correlated, if on the average further
apart—and so fexe > 0 always.

by the left-hand side of Figure 18, where we show the
result of explicitly calculating f %?(¢) and £ %(¢), using
the f-function shown in Figure 17.

We conclude from Figure 18 that the cancellation of

f g‘}f?(e) by f ;‘;{?(e), or, equivalently, the screening of
long-range excluded-volume interactions, is inherently
more efficient for sites that are well-correlated by
virture of being connected with shorter stretches of
polymer backbone. The right-hand side of Figure 18
shows the fraction of the excluded-volume force that
remains unscreened at high density for sites separated
by varying lengths of backbone chain. As we mentioned
above, the usual mean-field formula for the contribution
by a site pair to the free energy is a probability of contact
times an excluded-volume parameter v. In this case the
force for expansion is just v times (minus) the dif-
ferential change in contact probability with chain
stretching. It is readily seen by inspecting Figure 17
that this is exactly what eq 28 will reduce to in the limit
that the sites become nearly uncorrelated, i.e.

|| oo

f menia(©) —vf 0, (r=0) (29)

In the same limit we also have

FOPe) = B (r=0) (30)

where vy = (4/3)na3 is the “bare” excluded volume
between two monomers. Thus in the uncorrelated limit

the ratio £% Jf %) plotted on the right-hand side of
Figure 18 becomes exactly the constant second-virial-
coefficient excluded-volume parameter v, measured in
units of the base excluded volume vq. This is already
apparent in Figure 18 for |a — 8| = 20. We could extend
this interpretation to all values of o — |, in which case
the right-hand side of Figure 18 shows an effective
excluded volume parameter Dqgs(€;17), measured in units
of the effective bare excluded volume Uog(e;7—0). T
contains all the influence of the changing correlation
between sites that is left out of v. In the limit of
uncorrelated sites 045 — v, but in general 0,5 < v < vo.
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The sum of all the interactions between site pairs {a,
B} on a typical length of linear polymer chain is
dominated by short-chain terms, first because there are
more of them, and second because the magnitude of the
contribution to the net nonideal force dies off rapidly

with |a — f] (it can be shown that £ %5(e) ~ |a — §|732
in the long flexible chain limit, and £ %(¢) < % (¢) in

solv exe
the same limit). This is the case for, e.g. f o, y(ey),
which dominates the forces on the star corona, as shown

by Figure 14.

However, the interactions summed into /{2, (¢;) and
22)

oo.q(e) are all between sites that are separated by
significant lengths of polymer backbone (at least 2N,
long). There are no short-chain terms at all. Hence
these forces, which make the largest contribution to the
force on the star core, as shown by Figure 14, exhibit
typical long-chain behavior, i.e. poor screening of long-
distance excluded-volume interactions. This is then the
second part of the explanation for why ideality does not
develop for the core to the degree it does for the corona.
It may be restated in a physical and more general way
as follows: the total nonideal stretching force on any
small linear fragment of a polymer is the sum of “short-
chain” contributions from the interaction of monomers
near each other on the polymer backbone and “long-
chain” contributions from the interactions of monomers
well-separated along the polymer backbone. Normally
the short-chain contributions dominate because there
are more of them close by. Short-chain contributions
are reduced at high polymer concentration more than
long-chain contributions, because the higher degree of
correlation between sites closely spaced along the
polymer backbone leads to a more efficient screening of
excluded-volume interactions. Now if a branch point
occurs close to the fragment, the ratio of nearby long-
chain to nearby short-chain contributions will increase
(e.g. if the branch point is 5 backbone bonds away then
the number of monomer pairs > 5 backbone bonds apart
will increase by a factor of roughly 2, where f is the
number of branches, but the number of pairs < 5 bonds
apart will change by only a factor of /). The added long-
chain contributions will reduce the dominance of short-
chain contributions, and a smaller reduction of the
stretching forces with increasing concentration will be
observed. That is, the fragment will be stretched at
high concentration more than it would be were there
no branch point nearby.

As a final comment we note that the most proper
frame of reference in which to discuss conformational
changes at high density is the many-molecule frame.
But the potential surfaces are then of very high dimen-
sionality and the extraction of their important features
can be difficult. The solvation potential maps the
problem of conformation at high density back onto a
single-molecule problem, in principle exactly. In the
case of the pairwise-additive approximation, the prob-
lem is reduced even further to that of interacting pairs
of monomers. The use of the solvation potential simpli-
fies the physical picture enormously, therefore, by
integrating over solvent degrees of freedom of little
direct interest, and this can aid considerably the acqui-
sition of general physical intuition about the forces
operating on large flexible molecules.

D. Conclusions. Our conclusions for the basic star-
polymer model we have studied are as follows: (1) The
excluded-volume interactions in the star, principally
those between corona sites on different arms and
between core and corona sites, serve to pull the core
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regions of the star taut. These interactions are less well
screened at high density than the excluded-volume
interactions in the corona partly because of the weak-
ness of the inner solvation potentials, which is caused
by the lower exposure of the core to the solvating
medium, and partly by the intrinsically poorer screening
by the solvation potential of excluded-volume interac-
tions between weakly correlated sites. (2) The stretch-
ing of the core leads to a transfer of monomer density
from inner to outer regions of the star, which causes a
swelling of the star relative to a star with independent
arms. (3) The dependence of simple measures of this
swelling (e.g. ¢?) on f and N, are in qualitative agree-
ment with experiment. (4) The swelling of the star
could be coarsely interpreted in the manner proposed
by Boothroyd and Ball,32 and developed more formally
for the polymer brush on a curved surface, as an
effective aversion (exclusion) of the distant regions of
the star arms for regions near the branch point. In the
paper succeeding this** it will be found that this
effective aversion has some interesting intermolecular
consequences.

The Daoud—Cotton model is not found to describe our
stars very accurately. This is not surprising, as the
model has been argued to hold only in the large-f limit,
but it does underline the utility of a theory that can
accommodate easily the experimentally-relevant small-f
limit.

Although we have not—and cannot using the generat-
ing functional technique—investigated the dilute limit
of star solutions,®® our experience does suggest a dif-
ferent perspective on one of the primary predictions of
the Daoud—Cotton star model for dilute star solutions.
This prediction was that the increasing local monomer
density necessarily found as one penetrates into a star
polymer in dilute solution leads to an increased screen-
ing of the intramonomeric repulsion, and eventually (for
large enough stars), to a regime intermediate between
corona and branch point where the local chain confor-
mation is highly compressed. That is, if one were to
construct local scaling laws for the mean square end-
to-end distance r? of small sections of length 1 <« n <
N, of a star arm, then while one would find self-avoiding
random walk scaling, 72 ~ n!2, for the outer regions of
the star in dilute solution, one would find ideal scaling,
r?2 ~ n, in some inner, compressed regime.

From the perspective of our theory it is impossible to
rationalize this prediction. The problem is the assump-
tion that screening increases toward the center of the
star because of the increase in local monomer density.
But from the point of view of our theory the connection
between screening and monomer density is not local.
Rather the source of screening in polymer solutions is
the osmotic incompressibility of the solution, which is
determined by the global average monomer density.
This appears mathematically in our theory in the
dependence of the solvation potential W(r)—the effective
attraction between monomers induced by screening—on
the structure factor S(k), the zero-wavevector component
of which is inversely proportional to osmotic compress-
ibility and which depends (for fixed polymer size and
architecture) only on global average monomer density.

The local influence of osmotic incompressibility is not
everywhere identical, indeed, but local monomer density
does not appear to be the relevant variable. What
matters is instead the degree of local solvent exposure,
appearing mathematically in our theory as the depend-
ence of the solvation potential W on the direct correla-
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tion functions cys (which are in turn connected to the
intermolecular correlation functions g.s by the PRISM
equation). S(k), i.e. the solution osmotic incompress-
ibility, is fixed for a given global average monomer
density, but as one travels into the interior of a star,
the degree of solvent exposure as measured by, say
lcog(k—0)|, always decreases. Hence the degree of local
exposure to the effects of solution incompressibility
always decreases as well, and one would expect screen-
ing of the repulsions between monomers on the basis of
exposure to solvent always to decrease and never to
increase. We find as explained in section IV.C that this
effect, measured by the decreasing strength of the
solvation potential as one goes into the star core, is one
of the reasons that our model stars always stretch more
in the core than in the corona. We note that computer
simulations®® have never observed indications of an
intermediate compressed region in dilute star solutions,
and that an intermediate compressed regime is not
consistent with the general feature of theories for
polymer brushes?-25 that forcing chains to come closer
by tethering them to a surface induces stretching (only)
of the chains.

V. General Conclusions

As Freed has pointed out,®® the construction of
theoretical methods capable of treating polymers of
widely different chemical identity in the concentrated
and melt regimes is much more difficult than in the case
of the dilute and semidilute regimes. The reason is the
clear importance in dense liquids of strong local interac-
tions (e.g. packing constraints) which vary significantly
with the exact chemical identity of the polymer. There
is no universal solution to this problem, of course, other
than perhaps a direct, many-molecule computer simula-
tion of every system of interest at every density,
pressure, etc. of interest. But the liquid-theory method
we have developed here and earlier®®37 has some
general advantages: First, one may calculate most of
the usual quantities of interest that describe polymer
solutions—e.g. molecular size (Ry), shape, intramolecular
distributions of monomer density, intermolecular pair
correlations, scattering functions, etc.—at concentrations
up to and including the melt. Quantities dependent on
three-site correlations are not accessible with the theory.

Second, one may study the dependence of these
quantities not only on generic solution parameters such
as concentration but also on nonuniversal, highly system-
specific parameters of the system such as monomer size,
shape, bonding constraints, local chain stiffness, ete. All
these parameters enter the theory directly and unam-
biguously through the bonding constraint on the trial
conformations, the nature of the site—site interaction
potential u(r), or the nature of a local interaction
potential such as Viena(r).

Third, the theory also delivers simultaneously with
the conformational information the intermolecular pair
correlations g;{(r) and partial structure factors (collective
scattering functions) S;;(k), as will be shown more fully
in the following paper.*¢

Fourth, the computational effort required by the
method, while nontrivial, is much less than that re-
quired for full-scale computer simulation of the entire
solution. The complete self-consistent calculation of all
the properties of a large (12 x 1600) star at melt ( =
0.55) densities takes about a day and a half using 1/3
of an IBM RS/6000 model 370 workstation. By contrast,
Grest has commented that direct many-molecule simu-
lations of comparable systems is currently impossible.30



Macromolecules, Vol. 28, No. 22, 1995

Fifth, long-wavelength properties such as S(&) at low
k can be calculated quite easily with the theory, while
they are time-consuming to extract from computer
simulation because of the large size of sample required.

And finally, as demonstrated we hope by our extended
discussion in section IV.C, the solvation potential allows
one to draw an intuitive, physically-oriented picture of
the forces operating on polymer molecules.

As compared with some other theoretical methods
used for polymer solutions, we note that the theory does
not assume incompressibility (that is, the effects of
density fluctuations are fully treated), that the method
is “off-lattice”, that the architecture and connectivity of
the molecule is always exactly treated, that we do not
approximate the potential of interaction between mono-
mers with an integrable potential, and that we do not
need to be in the N — «, > 1, or p — 0 limits. On the
other hand, the theory is not symbolic, not derived from
a rigorous expansion in a small parameter, requires
significant numerical calculation, and cannot easily
explore the latter three limits, nor extract rigorous
scaling laws for them.

Without going beyond the basic model we have
defined in section II, there are interesting extensions
of the work here, such as the study of star polymers
with subunits distinct by reason of size, local chain
stiffness or shape (star copolymers). A more conceptu-
ally distinct but equally straightforward application of
the work presented here is the treatment of linear
chains attached to a large central structure, which may
be considered a model for sterically stabilized colloidal
fluids and fluids of diblock copolymer micelles. Of
particular interest in this case will be the nonideal
intermolecular correlation between the macroparticles,
which in our method emerges directly as goo(r) and
which is discussed for the star model in the next paper.*
The quantity —kgT Inlgoo(r)] can be interpreted as the
effective two-body potential of mean force between the
macroparticles, and it can be obtained easily in highly
concentration solution.

Generalizations of the theory can be made to models
of polymers that are realistic by liquid-state theory
standards. That is, one may build models with strongly
overlapping sites, rigid bond angles or realistic local
bending and torsional potentials, and multiple types of
site—site interactions. Of primary interest will be,
however, the development of methods to treat accurately
the effects of the attractive branch of the intermonomer
interactions. One possibility for this lies in using
“molecular” closures*®4? in the PRISM equation instead
of “atomic” closures like eq 7.
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